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Abstract 

We study homological mirror symmetry for not necessarily compactly supported 
coherent sheaves on the minimal resolutions of ^^-singularities. An emphasis is put 
on the relation with the Strominger-Yau-Zaslow conjecture. 

1 Introduction 

Let Y be the affine hypersurface 

Y = {{z,u,v) eC" xC^\uv = z-^f{z)} , (1.1) 

where f{z) = {z — ao)(-2 — ai) ■ ■ ■ (2; — a„) is a polynomial of degree n + 1 with mutually 
distinct positive real zeros < < cti < ■ ■ ■ < a„. We equip Y with the symplectic 
structure 

v^— T fdz Adz 
uj = — I — j—^ \- au A du + av A av 



The projection 

7r:F^C^, {z,u,v)^z (1.2) 

is a conic fibration whose discriminant is given by the zeros A = {oq, . . . , a„} of the 
polynomial /. Using this, one can show that the map 

p:Y^B, {z, u, v) ^ (^log 1^1, ^{\u\^ - \vf)^ (1.3) 

is a Lagrangian torus fibration over the base B = M."^, whose discriminant locus is given 
by 

r:={(so,0),(si,0),...,(s„,0)}, 

where Sj = loga^ for i = 0, . . . ,n. Each fiber L of this Lagrangian torus fibration is special 
in the sense that one has 



3m (e^^d^ 
for some G M, where 



= 

L 



^ ^ dzAduAdv ,^ ^, 

= Res --— = dlogz A dlogu (1.4) 

zuv — j[z) 
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is a nowhere-vanishing holomorphic 2-form on Y. 

Strominger, Yau, and Zaslow |SYZ96j conjectured that any Calabi-Yau manifold ad- 
mits a special Lagrangian torus fibration, and its mirror is obtained as the dual torus 
fibration. In this paper, we apply their ideas on the fibration (11. 3p . which we will often 
refer to as the SYZ fibration. 

Given the SYZ fibration p : Y ^ B, one can equip the complement B^^'^ := B \ r of 
the discriminant with two tropical affine structures. One is called the symplectic affine 
structure, and the other is called the complex affine structure. Here a manifold with a 
tropical affine structure is a manifold which is obtained by gluing open subsets of by 
the action of the affine linear group M*" xi GLm(Z) (or R'" x SLmC^) if the manifold is 
oriented). An integral affine manifold is the special case when the gluing maps belong to 

X GL^ilj). The symplectic affine structure is defined by first taking a basis {71,72} 
of the space of local sections of the relative homology bundle {R^p^'LY ^'^d integrating 
the symplectic form u along these cycles to obtain 1-forms on B; dxi = u. Local affine 
coordinate on B^"^ are primitives of these 1-forms. The complex affine structure is defined 
similarly by using 3m{e^^^Q) instead of 00, and is Legendre dual to the symplectic affine 
structure |Hit01j . 

Following earlier works (cf. e.g. |Fuk05l IKSOGal Omi lAurOTl lAurOQl ICLL121 RAK] 

and references therein), the mirror F of y is identified in |Cha] with the complement of 
an anti-canonical divisor in the minimal resolution of the A^- singularity. This mirror Y 
admits a special Lagrangian torus fibration, which is an SYZ mirror in the sense that the 
symplectic and complex affine structures are interchanged between Y and Y. 

Let El, . . . , En G Y he the irreducible components of the exceptional divisor in the 
minimal resolution. Then there is an isomorphism 



of abelian groups. We write the line bundle associated with d G Z" as Ca- 

Given an SYZ fibration, it is expected that Lagrangian sections of the original manifold 
and holomorphic line bundles on the mirror manifold are related by a kind of Fourier 
transform [APOll ILYZOOj . which we refer to as the SYZ transformation. We introduce 
the notion of a strongly admissible path in \ A, and associate an exact Lagrangian 
section gY of the SYZ fibration (II. 3p to each strongly admissible path. The winding 
number 1^(7) = (^1(7), . . . ,Wn{'y)) G Z" of a strongly admissible path is defined as the 
intersection numbers with the closed intervals [oj-i, Oj] for i = 1, . . . ,n. 
The first main result in this paper is the following: 

Theorem 1.1. For a strongly admissible path 7, the SYZ transformation of the La- 
grangian Lj is given by the line bundle C^^i'y) ■ 

Next we consider another symplectic manifold defined by 



Note that Y' is a deformation of Y , and hence is symplectomorphic to it. The map (II. 3p 
gives a special Lagrangian torus fibration on Y' , whose discriminant consists only of the 
origin. 



deg : Pic Y 



C ^ (deg£|ijj 



n 



i=l 
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The mirror y for Y' is the smooth stack obtained by removing an anti-canonical divisor 
from the total space /C of the canonical bundle of the weighted projective line P(l,n). 
Although the McKay correspondence [KVOOj gives a derived equivalence 

D^cohY ^ D^cohy, (1.5) 

the Picard groups are not isomorphic: 

Pic y ^ Pic P(n, 1) ^ Z ^ Z" ^ Pic Y. 

Let Oy{i) be the line bundle on y obtained by restricting the pull-back of Cp(i_„)(i). 
Homological mirror symmetry jKonQSj IKon98j for P(l, n) gives an equivalence 

D^cohF{l,n) ^ D^dutW, (1.6) 

where ^ut is a Fukaya category associated with the Lefschetz fibration 

W: ^ C 

This is a special case of (a generalization to toric stacks of) the work of Abouzaid |Abo06l 
lAboOQj on homological mirror symmetry for toric varieties. There are also works by Fang 
|Fan08] and Fang, Liu, Treumann and Zaslow |FLTZ12l IFLTZll] on homological mirror 
symmetry for toric varieties, which are also motivated by T-duality but different from the 
work of Abouzaid. 

Under the equivalence (II. 6p . the collection (Cp(i,n)(«))"=o ^i^^ bundles is mapped to 
Lefschetz thimbles (Aj)[LQ. These Lefschetz thimbles can be lifted to Lagrangian sections 
(Lj)"^Q of the SYZ fibration for Y'. Let W' be the full subcategory of the wrapped Fukaya 
category of Y' consisting of (Lj)[Lo. Here the choice for the wrapping Hamiltonian follows 
that of Pascaleff |Pas] . 

The second main result in this paper is the following: 

Theorem 1.2. There is an equivalence 

D''W = D^cohy (1.7) 
of triangulated categories sending Li to Oy{i) for i = 0, . . . ,n. 

The proof is based on an analysis of the behavior of the wrapped Fukaya category under 
suspension, and depends heavily on the work of Pascaleff |Pas] . We expect that (i^j)"=o 
generates the wrapped Fukaya category, so that the left hand side of (11. 7p is the whole 
wrapped Fukaya category. There is also another choice for the wrapping Hamiltonian 
such that the resulting wrapped Fukaya category is equivalent to D^cohlC. 

Theorems 11.11 and 11.21 are compatible in the following sense: There exists a symplec- 
tomorphism Y —> Y' which induces an equivalence 
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so that the Lagrangians (i^i)"=o ^' images of Lagrangians (L^.)[Lq in Y associated 
with certain strongly admissible paths 7o,7i, • • • , 7n in \ A. One can then choose a 
derived equivalence 

D'^cohy ^ D^cohr 
in such a way that the images of {L^J'^^q under the composition 

D''W ^ D^W' ^ coh y coh Y 

of equivalences are precisely given by their SYZ transformations described in Theorem 
11.11 This shows that homological mirror symmetry for non-compact branes is realized by 
SYZ just as for compact branes |Cha] . 

This paper is organized as follows: In Section [21 we briefly recall the SYZ construction 
of the mirror manifold Y from jCha| Section 3]. In Sectional we introduce the notion of a 
strongly admissible path to which we associate a noncompact Lagrangian submanifold in 
(Y^uj). In Section m we describe holomorphic line bundles on Y obtained as SYZ trans- 
formations of noncompact Lagrangian submanifolds associated with strongly admissible 
paths. In Section [5], we describe a series of conjectures on homological mirror symmetry 
for a toric Fano stack, which imply homological mirror symmetry for (the complement 
of an anti-canonical divisor of) the total space of its canonical bundle. In Section El we 
prove slightly weaker versions of these conjectures for the weighted projective line P(l, ra), 
which are sufficient for the proof of Theorem 11.21 

Acknowledgment: K. C. is supported by Hong Kong RGC Direct Grant for Research 
2011/2012 (Project ID: CUHK2060434). K. U. is supported by JSPS Grant-in- Aid for 
Young Scientists No. 24740043. A part of this paper was worked out while K. U. was vis- 
iting the Chinese University of Hong Kong, whose hospitality is gratefully acknowledged. 

2 SYZ mirror symmetry 

We start with the Hamiltonian S^-action on {Y^u): 

e^-v^* ■ {u,v,z) = (e2-v^*M,e-2-^*t;,z), 
whose moment map is given by 

Let S := M^. Then the map p : Y ^ B defined by 

p{u,V,z) = {\og\z\,p) = ^log|z|,^(|M|^ - \v\'^) 

is a Lagrangian torus fibration on Y, whose discriminant locus is given by the finite set 

r:={(so,0),(si,0),...,(s„,0)}c5, 
where Si := logOj. This is usually called the SYZ fibration of iY,u). 
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Let i?*^™ := i?\r be the smooth locus. Then the fiber T, ^ over a point (s, A) G -B*^™ is a 
smooth Lagrangian torus in Y, and each of the fiber T<,- q over (sj, 0) G F is singular with 
one nodal singularity. Furthermore, the locus of Lagrangian torus fibers which bound 
nonconstant holomorphic disks is given by a union of vertical lines: 

H := {(s, A) E B\s = Si for some i = 0,1, . . . , n}. 

Each connected component of H is called a wall in B. See |Chal Proposition 3.1]. 

The Lagrangian torus fibration p : Y ^ B induces an integral affine structure on 
^sm^ This is usually called the symplectic affine structure. Here, integrality of the affine 
structure means that the transition maps between charts on B^"^ are elements of the 
integral affine linear group 

Aff(Z2) := GL2(Z) X Z^. 

This ensures that A C TB^^, the family of lattices locally generated by d / dxi,d / dx2 
where xi,X2 are local affine coordinates on S*^™, is well-defined. 

In 1996, Strominger, Yau and Zaslow |SYZ96j proposed that the mirror of {Y, uj) 
should be given by fiberwise-dualizing the SYZ fibration on {Y,uj). More precisely, one 
defines the semi-flat mirror of {Y, u) as the moduli space Yq of pairs (T^.a, V) where V is 
a flat [/(l)-connection (up to gauge equivalence) on the trivial line bundle C := C x Tg^x 
over a smooth Lagrangian torus fiber Ts^\. Topologically, Iq is the quotient TB^'^/A of 
the tangent bundle TB^^ by A, and hence is naturally a complex manifold where the 
local complex coordinates are given by exponentiations of complexifications of local affine 
coordinates on i?^™ (while the quotient T*i?^™/A^ of the cotangent bundle T*B^^ by 
the dual lattice A^, which is canonically a symplectic manifold, is contained in Y as 
an open dense subset such that the restriction of u to it gives the canonical symplectic 
structure). However, this is not quite the correct mirror manifold because the natural 
complex structure on Yq is not globally defined due to nontrivial monodromy of the affine 
structure around each singular point (sj,0) G F. 

A more concrete description of this phenomenon is as follows. For i = 0,1, ... ,n, 
consider the strip Bi := (sj_i,Sj+i) x M (where we set s_i := — oo and Sn+i ■= +oo). A 
covering of B^^ is given by the open sets 

Ui := Bi \ [si, Si+i) X {0}, Vi := Bi \ (si_i, Si] x {0}. 

i = 0,1, . . . ,n. The intersection Ui fl Vi consists of two connected components: 

U,nV, = BluBr, 

where B^' (resp. B~) corresponds to the component in which A > (resp. A < 0). 

On Ui (resp. Vi), denote by Ui (resp. Wj+i) the exponentiation of the complexification 
of the left-pointing (resp. right-pointing) affine coordinate. (Our convention is that for 
a real number a; G M, its complexification is given by —x + \/—ly.) Also, denote by w 
the exponentiation of the complexification of the upward-pointing affine coordinate. See 
Figure EH 

Now w is a globally defined coordinate. Geometrically, it can be written as 

,„(T Y7\- S /a^)holv(5a) for A > 0, 

^^'^'^^ \ exp(X,a;)holv(-9a) for A < 0, 
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Figure 2.1: The base affine manifold B. 

where a G vr2(F, T5i,A) is the class of the holomorphic disk in Y bounded by Tg. x for some 
i = 0,1, . . . ,n, and holv(5Q;) is the holonomy of the flat f/(l)-connection V around the 
boundary da G 7ri(Ts. a). The class a changes to —a when one moves from A > to 
A < 0. 

But the other coordinates Ui and f j+i are not globally defined: Since the monodromy 
of the affine structure going counter-clockwise around (s,, 0) G F is given by the matrix 

the coordinates {ui,w) and glue on f/j fl \^ according to 

Ui = on B+, 

Ui = v~^iW on B~. 

Hence, the monodromy of the complex coordinates going counter-clockwise around the 
point [si, 0) is nontrivial and given by 

Ui UiW, h-^ v^+iW. 

In particular, these complex coordinates on TBi/A do not form a globally defined complex 
structure on Yq. 

The examples in |Aur07| IAur09| IChalOj ICLL12] suggest the following construction 
(we should mention that these are all special cases of the constructions in Kontsevich- 
Soibelman |KS06b] and Gross-Siebert |GS11] . but those general constructions largely 
ignore the symplectic aspects and hence Lagrangian torus fibration structures - they build 
the mirror family directly from tropical data in the base B): in order to get the genuine 
mirror manifold, we need to modify the gluing of complex charts on Yq by quantum 
corrections from disk instantons 

= + v-^,w = v-^,{l + w) on S+, (2.1) 
Ui = vl^-^w + = t;~+\w(l + w-^) on Br. (2.2) 
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Geometrically, the term f in the first formula (12. ip should be viewed as multiplying 
v^^i by w where w corresponds to the unique nonconstant holomorphic disk bounded by 
the Lagrangian torus Tq^\ whose area is given by 

A = — log \ w\ > 0. 

This means that we are correcting the term v~^-^ by adding the contribution from the 
holomorphic disk bounded by Tq x when we cross the upper half of the wall {sj} x M c . 
In the same way, the term v~^-^ in the second formula (12.21) is given by multiplying v~^^w 
by where now corresponds to the unique nonconstant holomorphic disk bounded 
by the Lagrangian torus To,a whose area is equal to 

—A = log |w| = — log \w^^\ > 0. 

So we are correcting f by the disk bounded by Tq x when we cross the lower half of 
the wall {si} xRc H. 

The formulas (12. ip . (12.21) can actually be interpreted as wall-crossing formulas for 
the counting of Maslov index two holomorphic disks in Y bounded by Lagrangian torus 
fibers. To see this, we need to partially compactify Y by allowing z to take values in C 
and replacing p by the map 

{u,v,z)^i\zlp) = {\zl{\u\^-\v\-')/2). 

Then the base becomes an afiine manifold with both singularities and boundary: it is a 
right half-space 5 in M^, and the boundary dB corresponds to the divisor in Y defined by 
z = 0. In this situation, each of the local coordinates Ui, f and v~^-^^w can be expressed 
as in the form 

exp ^ - y a;^holv(<9/3), 

for a suitable relative homotopy class /3 G 7r2(F, T^^a) of Maslov index two (cf. Auroux 
[Aur07lKm09] l 

In any case, the modification of gluing cancels the monodromy and defines global 
complex coordinates Ui,Vi,w on TBi/A (topologically, TBi/A = (C^)^) related by 

Ui = v:r^, Ui+i = ir^^ and UiVi+i = l + w. (2.3) 

The instanton-corrected mirror Y is then obtained by gluing together the pieces TBi/A 
(i = 0, 1, . . . , n) according to (12.31) . On the intersection (T5j_i/A) fl (TBi/A), we have 

Ui = UiVi+i = 1 + W = Ui_iVi. 

We remark that, by our definition, the mirror manifold Y will have "gaps" because for 
instance u,v,w are C^-valued. A natural way to "complete" the mirror manifold and 
fill out its gaps is by rescaling the symplectic structure of Y and performing analytic 
continuation; see [Aur07l Section 4.2] for a discussion of this "renormalization" process. 

Finally, one observes that this is precisely the gluing of complex charts in the toric 
resolution X — )■ C^/Z„_|_i of the An-singularity. We thus conclude that the mirror is 
precisely given by the complex manifold 

Y:=X\D, 
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where X = is the toric surface defined by the 2-dimensional fan S G generated by 

{Vi := e N\t = -l,0,l,...,n}, 

and D is the hypersurface in X^, defined by h := x^^'^^ = 1 (here /i : X — > C is the 
holomorphic function whose zero locus is the union of all the toric divisors in X). For 
z = 1, . . . , n, if we denote by Si the interval (sj_i, Sj) x {0} C B, then (the closure of) the 
quotient TSi/TSi fl A in y is one of the n exceptional divisors (each is a (— 2)-curve) in 
Xe. We denote this exceptional divisor hj Ei cY. 

3 Lagrangian submanifolds fibred over paths 

Consider the projection map 

TT : F C^, (M,f , z) H-)- z. 

Each fiber is a conic {{u,v) G C^\uv = z~^f{z)} which degenerates to the cone uv = 
over a zero of the polynomial /. Let us denote by 

A := {ao,ai, . . . ,a„} 

the set of zeros of the polynomial f{z). Recall that these all real and positive such that 

< ao < fli < . . . < an- 

The symplectic fibration vr : F — )■ induces a connection on the tangent bundle of Y 
where the horizontal subspace at ?/ G is given by the symplectic orthogonal complement 
to the vertical subspace: 

Hy := KeT{dTTy)-^" . 

Alternatively, since {Y, u) is Kahler with respect to the natural complex structure on Y, 
the horizontal subspace can be regarded as the orthogonal complement to KeT{dTTy) with 
respect to the Kahler metric. 

Given a smooth embedded path 7 : / — )■ \ A where / C M is an interval, par- 
allel transport with respect to the above connection along 7 yields symplectomorphisms 
between smooth fibers 

r*^ : vr-i(7(ti)) ^ ^"^(7(^2)), 

for ti < ^2 £ I- These symplectomorphisms are S^-equivariant since the S^-action is 
Hamiltonian. The vanishing cycle in a smooth fiber iT~^{'~f{t)) is given by its equator 
/i = (i.e. |m| = \v\). Vanishing cycles are invariant under parallel transport, so that the 
Lefschetz thimble along 7, given by the union of all vanishing cycles Vt C 7r~^(7(t)) 
for t G /, is a Lagrangian submanifold in {Y,u}). If 7 is a matching path, i.e. a path 
connecting two critical values of vr in C^, then is a Lagrangian sphere in {Y,u). 

Other Lagrangian submanifolds can be constructed in a similar way, as has been done 
in the recent work of Pascaleff }Pasj . 

Definition 3.1. Let 7:R— T-C^yAbea smooth embedded path. We call the path 7 
admissible if it satisfies the following conditions: 



8 



(1) 7('^) liss in the negative real axis whenever \t\ is sufficiently large, i.e. there exists 
T > such that 7(t) G M<o if t > T or t < -T. 

(2) limt^_oo7(i^) = and limt_^oo l{t) = -oo. 

Given an admissible path 7 : R — t- C^, we consider the Lagrangian (real locus) 

Ct := {{u,v,z) G 7r-\^{t))\u,v e R}. 

in the conic fiber 7r~^(7(i(:)) for each t < —T (see Figure 15. 5p . which is 'dual' to the 
vanishing cycle Vt. Notice that Ct is invariant under symplectic parallel transport for all 
t < — T; more precisely, this means that 

for all ti < t2 < —T. Let be the submanifold in Y swept out by parallel transport of 
Ct it < -T): 

L,:= \J CtU \J rtAC-T). 

ie(-oo,-T) te[-T,oo) 

This defines a Lagrangian submanifold in [Y, u) which is homeomorphic to M^. Note that 
the curve C-t '■= {{u,v,z) G tt~^{j{—T))\u,v G R} in the conic fiber 7r^^(7(— T)) is 
being twisted by Dehn twists in vanishing cycles (i.e. the equator A = in a fiber of 
vr : F — )• C^) as one goes along 7. 

Definition 3.2. Let 7:]R— J-C^yAbean admissible path. For z = 1, . . . , n, we define 
the i-th winding number Wi{'~f) of 7 to be the topological intersection number between 
7(]R) and the line segment [sj_i,Sj] C C^. 

Notice that the Hamiltonian isotopy class of the Lagrangian submanifold and the 
winding numbers of 7 are invariant when we deform 7 in a fixed homotopy class (relative 
to the ends 7|(_oo,-r] and 7|[t,oo])- In particular, we can deform 7 so that 7(sj) = — Oj 
for < i < n (up to a re-parametrization if necessary). In this case, the winding 
numbers can be computed as follows: There exists a unique lift 7 : [so,oo) — > R of 
7/I7I : [so, C)o) = R/27rZ such that 7(^0) = 0. Then for i = l,...,n, the i-th 

winding number of 7 is given by the integer 

Ml) = ^{l{si) -j{s^^i)). 
Ztx 

Furthermore, given an admissible path 7, we can in fact deform it (again in a fixed 
homotopy class fixing the ends 7|(-oo-t] and 7|[t,oo]) so that the following condition is 
satisfied: 

Definition 3.3. Let 7 : M — !■ \A be an admissible path. We call 7 strongly admissible if 
7 intersects each circle in centered at the origin once, i.e. |7(M)n{2 G 1 = e*}| = 1 
for all s G M, or equivalently, if the modulus |7(t)| is strictly increasing. 

This condition ensures that the noncompact Lagrangian submanifold is a section 
of the SYZ fibration p :Y ^ B (see Section [2]): 



9 



Proposition 3.4. Let 7 : M — )■ he a strongly admissible path. Then the Lagrangian 
submanifold is a section of the SYZ fibration p : Y ^ B. 

Proof. By definition, is invariant under parallel transport, so it is a Lagrangian sub- 
manifold in {Y, oj). Moreover, it is clear that the moment map fi when restricted to Ct for 
t < —T is a one-to-one map. Since the symplectomorphisms t^j. are all S'^-equivariant, 
the value of fi is preserved under parallel transport. Thus the restriction of fi to rlj.(C_T) 
remains a one-to-one map. Together with the condition that |7(t)| is strictly increasing, 
this implies that intersects each fiber Tg^x of the SYZ fibration p : Y ^ B at one point. 
Hence is a section of p : Y ^ B. □ 

As an example, consider the path 

70 : M ^ C", -e\ 

which runs through the whole negative real axis. This is obviously strongly admissible. 
The corresponding Lagrangian submanifold Lq := L^^ is simply the Cartesian product of 
the curve C^q inside the conic fiber Cgg = 7r~^(— oq) with the negative real axis (which is 
the image 70 (K) of the path). As a section of the SYZ fibration p : Y ^ B , Lq can be 
explicitly written as 

a : B ^Y, (s. A) t-)- A), f (s. A), z{s, A)), 

where 

uisA) = VVA2 + |/(-e^)F+A, 

v{s,X) = (-ir-Vv^l/(-e^)p-A, 
z{s,X) = -e\ 

4 SYZ transformations 

Consider A^ C T*B^"', the family of lattices locally generated by dxi,dx2. As before, 
Xi,X2 here denote local affine coordinates on B^°^. As in |Cha] . we will assume that 
2:2 = —A is the globally defined coordinate. Let 

ojq := dxi A dC^i + dx2 A d^2 

be the canonical symplectic structure on the quotient T*B^"^/A'^ of the cotangent bundle 
rp*Qsm ^v^ ^j^g^g ^^^^ g^^g gl^g^ coordinates on r*S"'^ so that (xi, X2, 6,6) e T*B'"^ 
denotes the cotangent vector ^idxi + ^2dx2 at the point {xi,X2) G B^^. In the previous 
section, we have constructed a global Lagrangian section Lq of the SYZ fibration p : 
Y ^ B. Then a theorem of Duistermaat [DuiSO] says that there exists a fiber-preserving 
symplectomorphism 

e : (T*5^"^/A^,a;o) ^ {p-\B'"'),u) 
so that Lq corresponds to the zero section of T*B^"^/A^ . 
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This symplectomorphism can be constructed as follows. Let b G 5^™. Then for every 
a G T^B^^, we can associate a vector field Va on the fiber p~^{h) by 

i^^u = p*a. 

Let 0^ be the flow of Va at time r G M. Then we define an action 9a of a on p^^ih) by 
the time-1 flow 

Now the covering map 

r*5-- ^ p-^B'"^), a ^ eaiaipria))), 
where pr : T*B^'^ — )■ denotes the projection map, induces a symplectomorphism 

Now let ?/i,?/2 be the fiber coordinates on TB^^ dual to ^1,^2, i-e. (a^i, 2:2, yi, 1/2) ^ 
j^^sm (denotes the tangent vector yid/dxi + y2d/dx2 at the point (xi,X2) G B*^™. Given 
a strongly admissible path 7 : M — ?► C^, the noncompact Lagrangian submanifold 
is a section of the SYZ fibration p : Y ^ B hy Proposition 13.41 (and as we mentioned 
before, every admissible path can be deformed to a strongly admissible one). Via the 
symplectomorphism 0, we can write in the form 

L, = {(xi,X2,ei,6) e T*i?^'"/A^|(xi,X2) G B'^, = e,(xi,X2) for J = 1,2}, 

where = ^j{xi, X2) {j = 1, 2) are smooth functions on B^"^. Since is Lagrangian, the 
functions .^1,^2 satisfy 

dxi dxj 

for j, / = 1, 2 (see |LYZ00l KFOTl [Chi] l 

Lying at the basis of the SYZ proposal |SYZ96j is the fact that the dual T* of a torus 
T can be viewed as the moduli space of flat [/(l)-connections on the trivial line bundle 
C := C X T over T. So a Lagrangian section L = {{x,^{x)) G T*U/T*U n A'^jx G f/} 
over an open set U C B^"^ corresponds to a family of connections {V5(a;)|x G f/} patching 
together to give a f/(l)-connection which can locally be written as 

Vu = d + 27r 7^(^1^2/1 + ^2dy2) 

over TU/TU n A C F. As shown in [LYZOOl lAPOlj (see also plal Section 2]), the 
(0, 2)-part F*^"'^^ (and also (2,0)-part F^'^'^^) of the curvature two form of V^/ is trivial. 
Recall that a covering of B^"^ is given by the open sets 

Ui := Bi \ [si, Si+i) X {0}, Vi := Bi \ (si_i, Si] x {0}. 

for i = 0, 1, . . . , n. Now, the restriction of the Lagrangian section to each Ui (resp. Vi) 
is transformed to a ?7(l)-connection over TUi/TUi fl A (resp. Vy^ over TVi/TV^ fl A). 
These connections can be glued together according to the gluing formulas (12. ip . (12. 2p . 
Since the (0, 2)-part F^^'"^^ of the curvature two form vanishes, this defines a holomorphic 
line bundle over Y. 



11 



Definition 4.1. Let 7 : R be a strongly admissible path and be the noncompact 

Lagrangian submanifold in (F, u) associated to 7. We define the SYZ transformation of 
L-y to be the holomorphic line bundle over y, i.e. 

Notice that the isomorphism class of Cy is unchanged when we deform in a fixed 
Hamiltonian isotopy class (or deforming 7 is a fixed homotopy class relative to the ends 
of 7). Henceforth, we will regard this as defining the SYZ transformation of the Hamil- 
tonian isotopy class of the Lagrangian submanifold G Y as an isomorphism class of 
holomorphic line bundle over Y. 

As an immediate example, the SYZ transformation of the zero section Lq = L^^ gives 
the structure sheaf Oy over Y . 

The main goal of this section is to compute (the isomorphism class of) the line bundle 
Cy in terms of the winding numbers of the path 7. To begin with, note that the isomor- 
phism class of a line bundle over Y is determined by the degrees of its restrictions to the 
exceptional divisors for i = 1, . . . , n. Given integers di, . . . ,dn G Z, let us denote by 
Cdi,...,d„ the line bundle on Y such that deg£rfj,...,rf„|£;. = di. 

Now, given a Lagrangian section 

Ly = {(xi, 0:2,6, 6) e T*i?^-/A^|(a;i,X2) G B'^, ^ = U^ux^) for j = 1,2}, 

of the SYZ fibration p : Y ^ B, its SYZ transformation is the connection V which can 
locally be expressed as 

Vu = d + 27rv^(6rfyi + 6^2/2). 

Let £ be the line bundle determined by V. Then the degree of its restriction to Ei is 
given by 




= - / (d^i A dyi) 

We have the second equality because j/2 is constant (and X2 = —A = 0) on Ei. Hence the 
isomorphism class of the line bundle C is completely determined by the increment of the 
angle coordinate ^ on the Lagrangian section L as one moves from (si_i, 0) to (sj, 0). 
Now we prove Theorem 11.11 

Proof of Theorem Recall that the Hamiltonian isotopy class of the Lagrangian sub- 
manifold Ly remains the same when we deform 7 in a fixed homotopy class (relative to 
the ends 7|(--oo,-t] and 7|[t,oo])- So, up to a re-parametrization of 7, we can deform the 
restriction of 7 to (sj_i,Sj) to a path arbitrary close to the concatenation of 7o|(s,_i,Si) 
(the negative axis) with a loop winding around the circle Ig '.= {z G C^H^I = e**} for 
Wj(7) times. Along 70, the angle coordinate ^ is constantly zero, and ^ increases by 
one when we wind around Is once in the anti-clockwise direction. Hence, the increment 
^i{si) — 6(si_i) is precisely given by the i-th winding number ^4(7). □ 



12 



One way to visualize the Lagrangian submanifold is to observe that the curve 
T^'^iCso) is given by twisting Csq in the vanishing cycle for Yl\=i '^iil) times. Correspond- 
ingly, the increment of the angle coordinate as one goes from (sj_i, 0) to (sj, 0) is given 
by the i-th winding number Wi{'~f) of 7. 

5 Wrapped Fukaya categories of suspensions 

Let A* be a smooth toric Fano stack of dimension n and /C be the total space of its 
canonical bundle. The mirror of X is given by the Lefschetz fibration 

W:E = (C^)"^5 = C 

defined by a general Laurent polynomial whose Newton polytope coincides with the fan 
polytope of X. One can choose sufficiently general W so that W is tame (i.e. the gradient 
||Viy|| is bounded from below by a positive number outside of a compact set) and has 
only non-degenerate critical points (i.e. the Hessian is non-degenerate around each critical 
point) with distinct critical values. 

There are several ways to associate a Fukaya category to a Lefschetz fibration. One is 
the Fukaya-Seidel category J'CW), which is defined by Seidel [SeiOSl Definition 18.12] as 
the Z/2Z-invariant part of the Fukaya category of a double cover E of the total space E 
branched along the fiber E^, := W~^{*) over the base point. Another one is introduced 
by Abouzaid |Abo06j . which consists of exact Lagrangian submanifolds with boundaries 
on the fiber E^. A Lagrangian L in this category must project by to a curve 7 C S" in 
the neighborhood of the boundary dL, and should agree with the parallel transport of dL 
along 7 in this neighborhood. The space hom(Li, L2) of morphisms between two objects 
is defined by perturbing L2 positively. In this paper, we adopt the following variant of 
Abouzaid's construction, which follows the original idea of Kontsevich |Kon98j closely: 

• For a point z e S, let £^ := {w E S \ ^t{w) > D\t{z),3m{w) = 3m{z)} be the half 
line on S starting from z and parallel to the real axis. Assume that fHe z is positive 
and greater than the real part of any critical value of W. Then for any Lagrangian 
submanifold of E^ := W~^{z), the trajectory of its parallel transport along 
gives a Lagrangian submanifold L d E fibered over and satisfying dL = L^. 

• An object of ^uiW is an admissible Lagrangian submanifold, which is an exact 
Lagrangian submanifold of E which coincides with the Lagrangian submanifold 
obtained as above for some z E S and L^ C E^ outside of a compact set (see Figure 

ED). 

• For a pair (Li, L2) of admissible Lagrangian submanifolds, the space hom^uf (-^i, -^2) 
of morphisms is defined as the Lagrangian intersection Floer complex CF*{Ll, L2) 
between L^ and L2. Here L^ is the Lagrangian submanifold obtained by perturb- 
ing the part of Li fibered over the half line £zi to another Lagrangian submanifold 
fibered over the line starting from zi and extending to the direction of exp{^/ —16) 
for some < 6' ^ 1 as in Figure 15. 2[ 
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L2 




Figure 5.1: Admissible Lagrangians 



Figure 5.2: Perturbing Li 



• For a sequence (Li, . . . , Lk) of admissible Lagrangians, the Aoo-operation is defined 
by perturbing Li to L^' for = < 9k-i < ■ ■ ■ < 9i <^ 1 and counting virtual 
numbers of holomorphic disks bounded by these Lagrangian submanifolds. 

• A vanishing path is an embedded path 7 : [0, 00) — > S which starts from a critical 
value, avoids the origin and other critical values, and asymptotes to the positive real 
infinity along a line parallel to the real axis. By arranging the vanishing cycles along 
a vanishing path, one obtains an admissible Lagrangian submanifold of E called the 
Lefschetz thimble. 

• A distinguished basis of vanishing paths is a collection 7 = (71, ... , 7^) of mutually 
non-intersecting vanishing paths, one for each critical value and ordered according 
to the imaginary part of the asymptotic line. The corresponding distinguished basis 
of Lefschetz thimbles will be denoted by A = (Ai, . . . , A^). The full subcategory 
of "Sut W consisting of A will be denoted by ^ut A. 

It is expected that A is a full exceptional collection in D^^utW so that D^^utA = 
^utW is independent of the choice of A, and that D^'^utW is equivalent to the 

derived Fukaya-Seidel category D^J-'{W). Homological mirror symmetry for toric Fano 

stacks can be formulated as follows: 

Conjecture 5.1 ( |Kon98j ). There exists an equivalence 



of triangulated categories. 

Let a : E ^ E he a Hamiltonian diffeomorphism which covers the Dehn twist a : 
5 — 7- 5* along a circle on 5* with a large radius. The resulting push-forward functor o"^, : 
^ut W — )■ ^ut W is an autoequivalence of the Fukaya category, which wraps a Lagrangian 
as shown in Figure 15.31 

Given two admissible Lagrangian submanifolds Li and L2, one can arrange that the 
Floer complex hom^^j vk(-^1; -^2) is a subcomplex of hom:gi^mr{a{Li), L2). This gives a 
canonical natural transformation 



On the mirror side, there is a distinguished autoequivalence S{—) = — ® (jJx[n] : 
coh X ^ D'' coh X called the Serre functor |BK89] . There is also a distinguished 



(5.1) 



t : cr* id . 



(5.2) 
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Figure 5.3: The functor 



section s G H^iu)^) characterized by the property that the zero locus s ^(0) is the union 
of toric divisors of X . This section induces a natural transformation 

5 : S[-n] id (5.3) 

which acts on objects by multiplication by s : S[—n\{X) = X ® ux — > id(X) = X. 

Conjecture 5.2 (Kontsevich, Seidel |Sei09t Example 5]). The functor a ^ is mirror to the 
functor S[—n], and the natural transform fl5.2p is mirror to the natural transformation 

(ESD. 

The fiber Eq := W~^{0) at the origin is a divisor in E, which is disjoint from cr-'(Aj) for 
any i G {1, . . . , m} and j G Z. Hence any holomorphic disk : — )■ E bounded by these 
Lagrangians has a well-defined intersection number V'(-D^) ■ Eq with Eq. Assume that the 
collection (Ai, . . . , A^) is cyclic, in the sense that ExV {a^ (Ak) , Eg) = for any i ^ 0, any 
j > and any k,i E {1, . . . , m}. Although cyclicity is a strong condition, it is known that 
any toric Fano stack in dimension two has a cyclic full exceptional collection of line bundles 
|IUj . It is not known whether any toric Fano stack has a cyclic full exceptional collection 
of complexes. For ii,i2 G {l,...,m}, ji,j2 £ ^ and x G Hom (((T''^(AjJ, ^■'^(AjJ) , let 
deg(x) be the maximal integer d such that x is in the image of 

t'^' : Hom (a^'^-'^(A,J,a^'HA,J) ^ Hom [a^^ (A,,) , a^%A,,)) . 

The following conjecture controls the behavior of the wrapped Fukaya categories under 
suspension: 

Conjecture 5.3. // a holomorphic map ip : — E contributes to the XQ-component of 
m2(xi,X2) where xo G (T-'«(A,Jna^2(A,J, xi G (TJ°(A,Jnor-'i(A,J, G a^'i(AiJnaJ2(AiJ, 
and jo > ji > 32i then one has (fiD"^) ■ Eq = degxo — degxi — degX2. 

The suspension of a Lefschetz fibration W : E ^ C is defined by 
Wix, u) = W{x) -u^ : E" = E xC^ C. 
The double suspension is equivalent to 

1^^'^ = W{x) -uv : E"""" = E xC^ 
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after a change of coordinates. Let 

Y := {{x,u,v) G ^ X I W{x) = uv} 

be the fiber of the double suspension at the origin. If D^J^{W) is equivalent to Z^^coh Af, 
then the double suspension is mirror to the total space of the canonical bundle: 

Theorem 5.4 (Seidel |SeilO| Theorem 1]). There is a full embedding 

D^coho/C ^ D^duiY 

of triangulated categories, where coho JC is the full subcategory of coh fC consisting 
of complexes whose cohomologies are supported on the zero-section. 

There is a conic fibration 

w. Y E 

(cc,u,f) l-T- X 

whose discriminant locus is Eq := W^^(f)). Choose a distinguished basis (7j)™i of vanish- 
ing paths as in Figure 15. 4^ and take the Lagrangian submanifolds dY as in Section |31 
which are M-fibrations over the Lefschetz thimbles Aj C E. Figure 15.51 shows the picture 
of the Lagrangian on the fiber. 



Figure 5.4: Vanishing paths 




Figure 5.5: The Lagrangian on the fiber 

Choose the wrapping Hamiltonian as the sum H = Hb + Hj of the base Hamiltonian 
Hh and the fiber Hamiltonian Hj as in [Past Section 7]. The base Hamiltonian wraps E 
in such a way that its image by W is wrapped as shown in Figures 15.61 For the fiber 
Hamiltonian, there are two choices; Hfi and Hf 2- The former wraps the Lagrangian 
around the top of the cylinder while keeping the bottom fixed as shown in Figure 15.71 
The latter wraps the Lagrangian on both ends of the cylinder as shown in Figure 15.81 

The wrapped Floer cohomology of a pair (Lj, Lj) is given by 

HomH;(Li,L2) = lim Hom5u{y(0tLi, L2) 

where 0j : M — )■ M is the flow generated by the Hamiltonian H . The cochain complex 
underlying the wrapped Floer cohomology is obtained by telescope construction, and the 
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Figure 5.7: Wrapping Figure 5.8: Wrapping 
Figure 5.6: Wrapping the base ^^er by Hf,, the fiber by Hj^^ 

y4oo-operations are defined by using cascades, which combine the Aqo -operations and the 
continuation maps in Floer theory |AS10| IAbolO| lAurlO] . We write the Aoo-categories 
consisting of {Lj}^]^ and wrapped by Hi = Fh + Hf i and H2 = Fb + 2 as Wi and W2 
respectively. 

Theorem 5.5. Assume that the collection A is cyclic. Then Conjectures \5.1\ \5.2 and 
15.31 imply equivalences 

D^Wi = D^cohK (5.4) 

and 

D^m = D^cohy (5.5) 

of triangulated categories. 

Proof. We first show the equivalence (15. 4p . Note that the monodromy of the conic fibra- 
tion w : Y ^ E around the discriminant Eq = W~^{0) is given by the Dehn twist along 
the vanishing cycle, which is inverse to the wrapping on the fiber. It follows that for a pos- 
itive integer t, the intersection points (j)t{Li) fl Lj are bijective with ]J^^q (o"'^(Aj) fl Aj) , 
so that one has 

t 

Homjuey(0t(Li),Lj) = ^Rom^^twicr^Ai), Aj), (5.6) 

k=0 

cf . Figures 15.71 15.91 and 15.101 It follows that there is an isomorphism 
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Figure 5.9: Wrapping once 



Figure 5.10: Wrapping twice 



}iomyv^{Li,Lj) = lim Hom^ujy (^^(Li), Lj) 

oo 

k=0 

oo 

k=0 

oo 

k=0 

\ k=o J 
^liomj^{Ei,Ej^n,OK) 
^Rom;,{Ei,7r,7r*Ej) 
^RomKi7r*Ei,7r*Ej) 

of C-vector spaces, where i: : IC ^ X is the natural projection. We take the isomorphism 

oo oo 

Romsutw{cT''{Ai), Aj) = Hom;,(E, ® o;^, Ej) 

k=0 k=0 

in such a way that an element 

X e Hom5ujiy((7*^(Ai), A^) 

is sent to 

d 

{s - 1) V e Hom^(£;, ® a;^-^ 

where d = degx, x = t'^(x') and the element y' E }iomx{Ei uj^'^,Ej) is mirror to 
x' e Hom5„{vi/(c'^ '^Aj, Aj) under homological mirror symmetry for X. 
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Any holomorphic map (p : — )■ Y bounded by (j)t{Li)^s is a holomorphic section of the 
conic fibration w : Y ^ E over the image w o (p{D^) G S of the holomorphic map w oip : 

^ E bounded by a'=(A,)'s. This gives the relation between holomorphic disks in E 
contributing to compositions in ^ui W and holomorphic disks in Y contributing to ^ui Y. 
The precise formula for this contribution is calculated by Pascaleff |Pas| Proposition 4.4] 
as 

where k = deg{fj,'^^^^^y{x[, x'2)) and /ul^f ^^(x']^, X2) = i'^ix'^)- Note that the integer k is equal 
to the intersection number of the disk contributing to Ai§u{iy(^i5 ^2) by Conjecture 15.31 
This matches the composition 

is - ir% ■ {s - ir% = {s- i^-^'^y', 

= {s- ir^^'^s'y', 

t=0 ^ ^ 

in D^coh/C, where k = degd/^^g) y[y2 = s^y'^. 

Since A is cyclic, all the morphisms have degree zero, so that Aoo-operations fi'' for 
/c 7^ 2 is trivial. Since the collection {Ei, . . . , Em) is full, its pull-back (7r*i?i, . . . , 7i*Em) 
generates D'^cohJC, and the equivalence 

D^'Wi = D^coh/C 

is proved. 

If one uses H2 as the wrapping Hamiltonian, then one obtains 

2t 

Homyuty (0t(L,), Lj) = Hom5utw/(^''(A,), A^), (5.7) 

k=0 

instead of (15. 6p . and the continuation map 

Hom5u{y(0t(Li),Lj) }iom^utY{(f)t+i{Li), Lj) 
is mirrored by the inclusion 

2t 2t+l 

HomA'(^i O w^, Ej) Romx {Ei O w^, Ej) 
followed by multiplication by s — 1; 

2t+l 2t+2 

s - 1 : Hom;t.(^i ® w^, E^) Hom;t(^* ® w^, Ej). 

k=0 k=0 

The resulting direct limit gives the space of morphisms on the complement 3) C /C of the 
zero locus of s — 1, and the equivalence (15. 5p is proved. □ 
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6 Minimal resolution of A^-singularity 

Let p and q be positive integers satisfying n + 1 = p + q and 

W = zP + — -.C" 

zi 

be the Landau-Ginzburg potential for the mirror of the orbifold curve Xp g with two 
orbifold points of weights p and q. The fiber W~^{R) of at a sufficiently large positive 
real number R consists oi p + q points, p of which are close to p-th roots of R and q of 
which are close to g-th roots oil/R. It follows that an admissible Lagrangian submanifold 
on the torus = Spec C[2;, asymptotes to Cp ■ K"*" for some i near z ^ oc and ■ R"*" 
for some j near 2; — )■ 0, where we put Cp = exp(27rA/^/p) and = exp(27rA/— T/g). 

Now set (p, g) = (1, n) so that = z+1/ z^ and Xi^„ = P(l, n) is a weighted projective 
line. It suffices to work out this case since the total space /C = /Cxj, ^ of the canonical 
bundle is derived equivalent to the minimal resolution of the A^-singularity £?/{'L/nL) 
for any pair (p, g) satisfying p + q = n + 1. This is related to the function 1/z + z"' 
appearing in Introduction by an automorphism z i— )■ I/2; of the torus, and our choice 
in this section is made only for aesthetic reason (Figure 16^ looks nicer for this choice). 
The critical points of W are given by z = ""\/nC^^i, i = 0, . . . ,n, with critical values 
+ l/''^)Cn+i- The fiber W~^{R) for a large positive real number R consists of one 
point which is approximately R and n points which are approximately n-th roots of 

Take the distinguished basis (7j)"=o vanishing paths as in Figure 16.11 The corre- 
sponding Lefschetz thimbles look as in Figure 16.21 Let '-y-(_n+i)k+i be the vanishing path 
obtained by applying a'' to 7^ for z = {0, . . . , n} and k E Z. The corresponding Lefschetz 
thimble will be denoted by A_(^n+i)k+i = 




Figure 6.1: Lefschetz thimbles on the W- 
plane 

Figure 6.2: Lefschetz thimbles on the z-plane 
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The direct sum Hom5utvi^(o"'^(Aj), A^) has a ring structure given by 

Hom5^4H/(fT'''(AiJ,A,3) ® Hom5^tiy(a'=i(A,J,A,J ^ Hom5^(H^(a'=i+'=2(A^j^ A.g) 
WW w 

X2 xi ^ /^5utiy(^2,o"*'(a;i)) 

on components. The natural transformation fl5.2p induces an endomorphism % of this 
ring defined by 

Rom^^iw{(^^{\),^j) ^ Homj„tH'(o^''+^(Ai), Aj) 
w w 

on components. 

Let C[x,?/] be the homogeneous coordinate ring of X = ¥{l,n), where degx = 1 and 
degy = n. The canonical bundle is given by ux = 0{—n — 1), and the exceptional 
collection 

{Eo,E,,...,E^) = {0,0{l),...,0{n)) 

of line bundles is full and cyclic. The ring structure on 0^-=o ©fclo ^'^^x{Ei ® u^, Ej) 
is defined similarly as above, and the ring endomorphism (3 induced by the natural trans- 
formation (15. 3p is the multiplication by xy G H^{uj)^>). 

The following proposition gives the parts of Conj ectures 15 . 1 1 and 15 . 21 which are needed 
for the proof of Theorem 15.51 

Proposition 6.1. There is a ring isomorphism 

m oo m oo 

00Homj,eH/(a^A,),A,) ^ Hom;,(E, ® a;^, E,) (6.1) 

i,j=0 k=0 ij=0 k=0 

which sends the ring endomorphism % to &. 

Proof. The Lefschetz thimble /S.^k{n+i)+i starts from the critical point and ex- 

tends in two directions: One wraps around the origin k/n times and approaches the origin 
in the direction of Cn~^- The other wraps around infinity k times and asymptotes to the 
real line. Figure 16.31 shows the picture of two Lefschetz thimbles. Here the top and the 
bottom edges of the rectangle are identified to form a cylinder, which is obtained as the 
real blow-up of at the origin and infinity. The vertical dotted line shows the locus 
where the absolute value is "+^/ri. The Lefschetz thimble Aq is just the real line, and the 
Lefschetz thimble ^^k{;n+i)+i is obtained from the Lefschetz thimble Aj by wrapping k 
times. 

Write k{n + 1) — i = k'n + i' for /c' G Z and i' G {0, . . . , n — 1}. Then the thimbles 
A_fc(„+i)+j and Aq intersect at k' + 1 points, and we label these intersection points by 
the basis of Hom(Cp(i „)(— A;(n + 1) + i),Cp(i „)) as shown in Figure Intersections 
between other Lefschetz thimbles can be labeled similarly. One can easily arrange that 
Homjutvy(Ai, Aj) for i < j have degree zero (and those for i > j have degree one), so that 
there are no higher Aoo-operations on 0™^g hom5u{pi/(cr''(Aj), Aj). It is also easy 
to see that the composition on the left hand side of (16. ip (coming from triangles 

on C^) matches the composition on the right hand side (which is just the multiplication 
of polynomials), and Proposition 16. II is proved. □ 
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The proposition below is an analogue of [Past Proposition 4.3], which provides the 
part of Conjecture 15.31 needed for the proof of Theorem 15.51 

Proposition 6.2. // a triangle D on contributing to the composition on the left hand 
side of (16.1 p corresponds to the multiplication 

x^^y^^ ■ x'^^y^^ = x^'^y^^ 

on the right hand side of f l6.ip . then one has 

D ■ W-\0) = ds ~ di - d2, (6.2) 

where D-W~^{0) is the intersection number of the triangle with the divisor W^^{0) C C^, 
and di for i = 1, 2, 3 is the number of times x^'y^' can be divided by x"'y. 

Proof. Since "+A/n is close to 1, one can perturb Figure 16.31 slightly to set the dotted 
vertical line to be the unit circle on without changing the intersections of triangles 
with W~^{0). Then W~^{0) are equidistributed on the dotted vertical line with vertical 
coordinates (2j + l)7r/(2n + 2) for j = 0, . . . ,n. Let Li, L2 and L3 be the Lagrangians 
bounding D, so that x^^y^'^, x^^y^^ and x^^y^^ label a point in Li fl L2, L2 fl L3 and Li fl L3 
respectively. The triangle looks either as in Figure 16.41 or Figure 16.51 




Figure 6.4: A triangle Figure 6.5: Another triangle 



Write x'^y^^ = [xyY^x'^-'^'y^'-'^' for £ = 1,2, 3. If - = for £ = 1, 2 or - = 
for ^ = 1,2, then the whole triangle is either on the left or on the right of the dotted 
vertical line in Figure 16. 3^ and both sides of (16. 2 p is zero. If a := zi — rfi > and 
6 := ^2 — (^2 > 0, then the triangle D looks as in Figure 16. 4[ and the vertical dotted line 
cuts D into two. The number of points in W~^{Q) on the part of the vertical dotted line 
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Figure 6.6: The dual cycles 

bounded by Li and L2 is given by a, and that by L2 and L3 is given by h (here we are 
working on the universal cover of the cylinder C^). The vertical dotted line is on the 
right or the left of the vertex x'^^y^^ depending on whether a > b or a < b (and exactly 
on the line ii a = b). It follows that both sides of (16. 2 p is given by max{a, 6} in this case. 
The case ji — di > and 22 — (^2 > is similar, and Proposition 16.21 is proved. □ 

This concludes the proof of Theorem 11.21 

Now we discuss the compatibility of Theorem 11.11 and Theorem 11.21 Let (ei, . . . , e^) 
be the collection of line segments on E connecting points in W~^{0) as in Figure l6T6| so 
that the intersection numbers with Lefschetz thimbles are given by 

Ai ■ ej = 6ij, i = 0,...,n, j = l,...,n. 

One can choose a symplectomorphism Y ^ Y' in such a way that these intersection 
numbers correspond precisely to the winding numbers in Definition 13.21 The SYZ trans- 
formations of the resulting Lagrangians in Y are then given by line bundles (£j)"^g on Y 
satisfying 

deg Ci\Ej = Sij 

for i = 0, . . . , n and j = 1, . . . ,n. 

On the other hand, the proof of the equivalence D^W2 = coh y in this section (note 
that the A^o category W2 here is denoted by W in (11. 7p ) gives a collection (£^)"^q of line 
bundles on 3^ defined by 

£• = 7r*Op(i,„)(z)|j . 

One can easily see that by sending C[ to £j for z = 0, . . . , n, one obtains an equivalence 
D^cohy ^ D^cohY. This gives the compatibility of Theorem 11.11 and Theorem 11.21 
discussed in Introduction. 
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